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An effecti®e continuum model is deri®ed to describe the nucleation and subsequent
growth of a gas phase from a supersaturated, slightly compressible binary liquid in a
porous medium, dri®en by solute diffusion. The e®olution of the gas results from reduc-
ing the system pressure at a constant rate or withdrawing the liquid at a constant rate.
The model addresses two stages before the onset of bulk gas flow, nucleation and gas-
phase growth. Negligible gradients due to gra®ity or ®iscous forces are assumed, so the
critical gas saturation signaling the onset of bulk gas flow is only a function of the
nucleation fraction. Important quantities characterizing the process, such as the pore
number fraction hosting acti®ated sites, de®iation from thermodynamic equilibrium,
maximum supersaturation, and critical gas saturation, depend crucially on the nucle-
ation characteristics of the medium. Heterogeneous nucleation models using preexisting
gas trapped in hydrophobic ca®ities or in terms of a rate-dependent nucleation are used
to in®estigate the nucleation beha®ior. Using a simpler analytical model the rele®ant
quantities during nucleation can be expressed in terms of a simple combination of di-
mensionless parameters. The theory predicts that the maximum supersaturation is a
weakly increasing function of rate, which in the region of typical experimental parame-
ters can be approximated as a power law. It depends sensiti®ely on the probability den-

(sity function of nucleation ca®ity sizes. The final nucleation fraction thus, the critical
)gas saturation is predicted to be a power law of the decline rate. The theoretical expo-

nents agree well with experimental data. The subsequent e®olution of the gas phase and
the approach to the critical gas saturation is also described.

Introduction
The liquid-to-gas phase change in a porous medium and

the subsequent growth of the gas phase are encountered in
many applications driven by mass or heat transfer. These span
various fields of scientific interest and a range of length scales.
Examples include the solution gas-drive process for the re-

Ž .covery of oil from oil reservoirs Sheng et al., 1999a,b , boil-
Ž .ing in porous media Thome, 1990; Satik and Yortsos, 1996 ,

Ž .thermal methods for oil recovery Prats, 1982 , nuclear-waste
Ž .disposal Doughty and Pruess, 1990 , and soil remediation

Ž .Ho and Udell, 1995 . In this article, we focus on the isother-
mal gas-phase growth from a supersaturated, slightly com-
pressible, binary liquid in a porous medium. This is driven by

Correspondence concerning this article should be addressed to I. N. Tsim-
panogiannis.

mass transfer, the extent of which is controlled by the appli-
cation of either a constant-rate decline of the system pres-
sure or the withdrawal of the liquid at a constant rate.

Consider the removal of an initially supersaturated liquid
Ž .from a porous medium of a fixed volume Figure 1 . As the

pressure continuously declines, due to liquid expansion, the
bubble point of the liquid is eventually reached. Then, nucle-
ation of a gas phase starts, at rates depending on the nucle-
ation properties of the medium. Nucleation is manifested ei-
ther in the release of preexisting gas bubbles, trapped in hy-
drophobic cavities, or in the form of heterogeneously nucle-
ated nuclei. Emphasis will be placed on the former mecha-
nism, although the conventional model will also be used. Be-
cause of the competing processes of bubble growth, which
depletes the solute from the liquid, thus, reducing the super-
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Figure 1. Gas cluster growth in a porous medium,
driven by the decline of pressure at constant
rate.

saturation, and the liquid withdrawal, which reduces the
pressure, thus, increasing the supersaturation, a supersatura-
tion maximum is attained, following which nucleation termi-
nates. Identifying the maximum supersaturation and its de-
pendence on process parameters is a key issue. The subse-
quent gas evolution is controlled by the available supersatu-
ration, the solute mass transfer from the liquid to the gas,
and the capillary characteristics of the porous medium. The
gas phase appears first in the form of small bubbles growing

Ž .within the confines of single pores Figure 2a , but ultimately
takes the form of large clusters, spanning a number of pores
Ž .Figure 2b . Competition for mass transfer between the grow-
ing bubbles or clusters, capillary effects at pore constrictions,
viscous and gravity forces, and the possibility of coalescence
or the snap-off of gas-liquid interfaces are important factors
in determining the gas-phase evolution.

Eventually, gas flows as a bulk phase. The onset of flow is
signaled when the gas pore-volume fraction, S , becomesg
equal to the so-called critical gas saturation, S , a value thatgc
depends on the underlying growth and flow mechanisms. If
viscous or gravity gradients are negligible, gas flow occurs for
the first time when isolated gas clusters connect to form a

Ž . Žsample-spanning percolation cluster Yortsos and Parlar,
.1989 . If they do not, gas flow and production occur through

the continuous motion of finite-size gas clusters, subject to
various mechanisms of interaction, including coalescence.
This simultaneous flow of gas and liquid is quite complex,
particularly under strong pressure gradients, for example, in
the case of high-viscosity oils, where ‘‘foamy’’ oil flow takes

( )Figure 2. Micromodel snapshots indicating a gas bub-
bles confined within single pore throats/////

( )bodies; b gas bubble spanning several pore
bodies.

Ž .place Smith, 1988; Maini, 1996, 1999 . In this article, we will
only consider the stage before the onset of gas flow, however,
and in the absence of significant gravity or viscous gradients.

A number of studies on this problem have been reported.
A review of the early literature can be found in Li and Yort-

Ž .sos 1995a,b . Experimental work for the case of constant
pressure decline rate in consolidated porous media using light

Ž .oils was reported by Moulu and Longeron 1989 , Moulu
Ž . Ž . Ž .1989 , and Scherpenisse et al. 1994 . Sheng et al. 1999b ,

Ž . Ž .Wong et al. 1999 , and Urgelli et al. 1999 conducted exper-
iments with heavy oils. Visualization experiments with light

Ž .oils were reported by Li and Yortsos 1995a , Hawes et al.
Ž . Ž . Ž .1997 , Mackay et al. 1998 , and Dominguez et al. 2000 .

Ž .Bora et al. 2000 reported experiments with heavy oils. These
studies have shown that the critical gas saturation is an in-
creasing function of the liquid withdrawal rate, a finding ex-
plained by the increasing number of nucleation centers at

Ž .larger depletion rates. Scherpenisse et al. 1994 provided
useful, but qualitative, scaling arguments showing that maxi-
mum supersaturation and critical gas saturation are power-
law functions of the depletion rate. A theoretical analysis of
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bubble growth by solute diffusion in which mass transfer and
porous medium capillarity dominate, was provided by Li and

Ž .Yortsos 1995a,b . The authors conducted visualization ex-
periments in glass micromodels and pore-network simula-
tions to explain patterns and rates of growth of the gas phase
at the pore-network scale. Along similar lines, Du and Yort-

Ž .sos 1999 provided a pore-network analysis of the critical gas
saturation in the absence of gravityrviscous gradients. They

Ž .confirmed an earlier hypothesis by Yortsos and Parlar 1989
that in the absence of spatial gradients, the onset of critical
gas saturation coincides with the percolation threshold of an
invasion percolation process, originating from multiple nucle-
ation centers. They also showed that S is a power law ofgc

Ž .the final nucleation fraction defined more precisely below ,
f , namelyq f

S s f 1yD frE 1Ž .gc q f

Ž . Ž .Here, E equal to 2 or 3 is the Euclidean dimension of the
pore network and D is the mass fractal dimension of thef

Žpercolation cluster equal to 1.82 for 2-D invasion percola-
Ž .tion IP with trapping, and 2.53 for 3-D IP with or without

.trapping; Feder, 1988 . The dependence in Eq. 1 was estab-
Žlished regardless of the nucleation sequence instantaneous

. Žor sequential or the particular regime of bubble growth see
.Li and Yortsos, 1995a,b .

The presence of gradients will affect the preceding scaling.
Pore-network simulations conducted by McDougall and Sor-

Ž . Ž .bie 1999 and Wang and Mohanty 1999 in the related topic
of gas condensation, showed that S decreases as the hydro-gc
static pressure gradient increases, a trend also anticipated in

Ž . ŽScherpenisse et al. 1994 . In a parallel study Tsimpanogian-
.nis and Yortsos, 2002 , we have analyzed the effect of gravity

andror viscous forces on S , and developed scaling laws forgc
the dependence of S on f and on two dimensionless pa-gc q f
rameters, the Bond and capillary numbers, defined respec-
tively as

� � gk q�
Bs and Cas 2Ž .

� �

Here � � denotes the density difference between liquid and
gas, k is permeability, � the liquid�gas interfacial tension, q
the liquid flow rate, and � the liquid viscosity. Equation 1 is

Žobtained in the limits B�1 and Ca�1 more specifically,
y3 y3.BF10 and CaF10 , which are the regions of interest of

this article.
In many practical cases, pressure depletion is due to liquid

withdrawal at a constant flow rate. Experimental work in
consolidated porous media with light oils was reported by

Ž . Ž .Firoozabadi et al. 1992 , Firoozabadi and Aronson 1999 ,
Ž .and Egermann and Vizika 2000 . These studies focused on

the critical gas saturation, which was found to be an increas-
ing function of the liquid withdrawal rate. As before, this
finding was explained by the increasing number of nucleation
centers, from which gas clusters grow at larger depletion rates.

Ž . Ž .Sheng et al. 1999a and Renard et al. 2000 in two recent
reviews focused on aspects of solution gas drive related to
the primary recovery of heavy oil.

A modeling attempt to capture the gas-phase growth, but
not the preceding nucleation period, in an experiment at a
constant rate of withdrawal, was made by Firoozabadi and

Ž .Kashchiev 1996 . These authors used an effective continuum
model with bubble growth driven by diffusion. The gas phase
is modeled as a collection of effective bubbles, mass transfer
to which is approximated by simple expressions. Although the
article discusses rate-dependent nucleation using classical ex-

Ž .pressions see also below , the nucleation issues is in fact by-
passed, in that nucleation fraction, the maximum supersatu-
ration, or the effect of depletion rate on the number of bub-
bles nucleated, are not actually predicted or calculated.
Rather, the latter quantities are inferred from the experi-
mental results, and subsequently used as parameters for the
gas-phase growth following the nucleation period.

Experiments on pressure depletion driven by constant liq-
uid withdrawal rate, particularly with heavy oils, were re-

Ž .ported by Pooladi-Darvish and Firoozabadi 1999 , Tang and
Ž . Ž .Firoozabadi 1999 , Kumar et al. 2000 , Andarcia et al.

Ž . Ž . Ž .2001 , Arora and Kovscek 2001 , and Kamp et al. 2001a,b .
In two very recent studies, which appeared at the same time

Ž .this work was being written, Kamp et al. 2001a and Arora
Ž .and Kovscek 2001 presented effective continuum models to

interpret the pressure depletion of heavy oils, focusing in
particular on the foamy oil issue. Because of the high viscous
forces in these experiments, these models must also account
for a two-phase flow, which was done using conventional rel-
ative permeability functions. In the present context, these
studies are of interest insofar as nucleation is concerned. The
latter is incorporated in the form of rate-dependent nucle-

Ž .ation in Kamp et al. 2001a , and in the form of activated
Ž .cavities in Arora and Kovscek 2001 . Nucleation parameters

Žwere estimated to match experimental data see more discus-
.sion below .

The objective of this article is to provide a comprehensive
model of both the nucleation and the gas-phase growth peri-
ods, until the onset of the critical gas saturation. For this
purpose, an effective continuum model will be developed. If
used to model the later stages of bubble growth, where gas
occupies several pores and is influenced by the pore geome-

Žtry, topology, and capillarity for example, see Li and Yort-
.sos, 1995a,b , effective continuum models have obvious draw-

backs. However, they may be adequate for describing nucle-
ation and the early stages of bubble growth. The last two,
particularly the nucleation sequence, are the main areas of
interest of this article. We focus on the effect of the nucle-
ation characteristics on the maximum supersaturation, the
nucleation fraction, and the critical gas saturation, and pro-
vide an analysis of the effect of various parameters, such as
pressure decline rate, on these quantities. Results for the
gas-phase growth following the conclusion of nucleation are
also presented.

The article is organized as follows: first, we formulate the
problem. A scaling analysis allows to recast the problem in a
more useful form, to be used for direct predictions. Then,
numerical results are analyzed. It turns out that for their in-
terpretation, a simplified model of the nucleation and growth
periods can be developed. We use the simpler model to ob-
tain expressions for the maximum supersaturation as a func-
tion of geometric, thermodynamic, and process parameters.
This allows us to obtain useful relations for the dependence
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of the final nucleation fraction and the critical gas saturation
on process parameters. The theoretical predictions are then
compared against experimental results.

Mathematical Formulation
Consider the heterogeneous nucleation and growth of mul-

tiple bubbles from a binary liquid within an effective porous
medium. The process is driven by the continuous increase in

Ž . Ž .the supersaturation of the system, KC t yP t , where for� l
simplicity we have assumed linear thermodynamic equilibria
using Henry’s law

P sKC t 3Ž . Ž .g �

Ž .Here, K is the solubility constant, C t the time-varying mass�

concentration, P stands for pressure, and subscripts g and l
denote gas and liquid, respectively. More complex thermody-
namics can certainly be incorporated, but the salient features
are manifested with the simpler model of Eq. 3. As noted
earlier, the change in supersaturation can be imposed in two
different ways, one in which the pressure declines at a con-
stant rate, and another in which the liquid is withdrawn at a
constant rate. Because gravitational andror viscous effects are
not included, the pressure is spatially uniform. Instead, em-
phasis is placed on nucleation and on the effect of the in-
crease of supersaturation on the growth of the gas phase.

Nucleation
As the liquid pressure declines, nucleation sets in. Yortsos

Ž .and Parlar 1989 reviewed the gas�liquid phase change in a
porous media and concluded that heterogeneous nucleation

wis the most plausible mechanism in solution gas drives see
Ž .also more recent reviews by Laaksonen et al. 1995 and Jones

Ž .xet al. 1999 . In one model, nucleation occurs when a gas
bubble, either preexisting or nucleated inside a cavity at the
pore walls, becomes unstable and detaches or otherwise oc-

Ž .cupies the host pore body Figure 3 . This type of mechanism
is in agreement with visual observations from micromodel ex-

Žperiments Li and Yortsos, 1995a; El Yousfi et al., 1991, 1997;
.Bora et al., 2000; Dominguez et al., 2000 . In the cavity model,

the condition for the activation of a nucleation site is when
the trapping capillary forces are overcome for the first time
Ž .Figure 3 . This occurs when the following condition is satis-
fied between the radius of the nucleation cavity, r , and su-c
persaturation

2� cos �
sKC t y P t 4Ž . Ž . Ž .� lrc

Ž .where � is the contact angle 0�� ��r2 . In this model, the
onset of nucleation is not kinetically related to the degree of
supersaturation, as for example, in conventional approaches
Ž .Firoozabadi and Kashchiev, 1997 , but rather depends on the

Ž .size distribution, 	 r , of the nucleation cavities.c c
Now consider the activation of nucleation sites. With the

decrease in the liquid pressure, the righthand side of Eq. 4
increases, eventually becoming positive. Then, various cavi-

Figure 3. Nucleation cavity in a host pore body.

ties satisfying Eq. 4 become activated and their correspond-
ing host pore bodies occupied by gas. At any time, the cur-
rent nucleation fraction, f , defined as the number fractionq
of pores that contain sizes that have been activated, is

�
f s 	 r dr 5Ž . Ž .Hq c

rc

where r is an implicit function of time, through Eq. 4. Equa-c
tion 5 implies a zero nucleation fraction at zero supersatura-

Ž .tion r ™� and a nucleation fraction of one at infinite su-c
Ž .persaturation r ™0 . The cavity-size distribution, 	 , per-c c

Žtains only to the largest cavity in any given pore as this cavity
.will be activated first . The actual number of bubbles con-

tained in a given pore may be larger. We will assume that a
number of bubbles, n , are contained in each activated pore.B
Parameter n will be taken equal to 1 for the cavity model,B
as this is suggested in the micromodel experiments, but will
be kept arbitrary for rate-dependent heterogeneous nucle-
ation. Equation 5 slightly overestimates the true nucleation
fraction, since pores containing sites to be activated later may
already be occupied by gas, due to the growth of gas clusters
from neighboring pores. A more appropriate expression in
such a case would be

df d �q s 1yS 	 r dr 6Ž . Ž .Ž . Hg cdt dt rc

where S is the gas saturation. However, in most cases, nu-g
cleation terminates well before gas bubble growth has oc-

Ž .curred to any substantial degree S �1 , thus, Eq. 5 shouldg
be an excellent approximation.
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It is interesting to illustrate the dependence of f on theq
various cavity-size distributions. For a Rayleigh distribution

� r � r 2

	 r s exp y 7Ž . Ž .c � 2 � 2ž /2 r 4 rc c

� Ž .where r is a characteristic here the mean cavity size, Eq. 5c
reads

2 2� r ��c
f sexp y sexp y 8Ž .q � 2 2� 2ž /4 r r KC yPŽ .c c � l

This exponential relation bears a superficial resemblance to
Ž .classical nucleation see below , a result, however, which is

due purely to the form of the Rayleigh distribution. Different
distributions will result in different functionals. For example,
we will also consider stretched-exponential or log-normal ex-
pressions of the form

rc
ln �nr 1 rc c

f sexp y or f s erfc 9Ž .q q� nž / '
 r 2 2 
� 0c

respectively, where n is a positive exponent and 
 is a mea-
sure of the variance. The type of assumed distribution influ-
ences the results to be obtained, as will be demonstrated be-
low. In comparing with the experimental results, we postu-
lated a size distribution and then determined its parameters
by fitting the experimental data.

As long as the level of supersaturation increases with time,
the righthand side of Eq. 8 also increases, implying that addi-
tional sites become activated, and the nucleation fraction
continuously rises. This is consistent with experimental evi-
dence of sequential nucleation reported by Li and Yortsos
Ž . Ž . Ž .1995a , Hawes et al. 1997 , Mackay et al. 1998 , and Bora

Ž .et al. 2000 . After the supersaturation reaches a maximum
Ž .local or global , Eq. 8 predicts a decreasing f , which is un-q
physical. Therefore, in segments of decreasing supersatura-
tion the nucleation fraction is assumed constant. When the
supersaturation goes through a global maximum, it signals the
end of the nucleation period, in which case the fraction of
pores ultimately activated, f , will be given by Eqs. 8 and 9q f
at the time of the maximum supersaturation.

The fraction f can be directly related to the number ofq f
bubbles nucleated per unit pore volume, N , a quantity usedf

Ž .in Firoozabadi and Kashchiev 1996 to quantify nucleation.
Assuming n s1, we haveB

f Nq f T
N s 10Ž .f Vp

where N is the total number of pores and V is the totalT p
pore volume. By noting that V sN V , where V is a typicalp T s s

Ž .volume of a pore site , we can further write

fq f
N s 11Ž .f Vs

This allows us to relate the nucleation fraction to experimen-
Ž .tal values of N see below . We note in advance that in typi-f

cal experiments, f is very small, of the order of 10y9 �10y6.q f
A different approach is to use rate-dependent heteroge-

neous nucleation. Consider the nucleation-rate expression

3dN 16�� ff sK exp y 12Ž .het 2dt 3k T KC yPŽ .B � l

where K is a heterogeneous rate constant, f is a dimen-het
sionless number expressing the wettability of the medium vis-

Ža-vis nucleation ranging between 1 and 0 for perfectly homo-
geneous and perfectly heterogeneous rate-dependent nucle-

.ation, respectively , and k is Boltzmann’s constant. BothB
K and f can be determined from the matching of experi-het
mental data. Using the equivalent of Eq. 11, we can express
Eq. 12 in terms of the nucleation fraction fq

3df K V 16�� fq het ss exp y 13Ž .2dt n 3k T KC yPŽ .B B � l

Compared to Eq. 8, Eq. 13 contains an explicit rate depen-
dence, while the dependence on parameters, such as � , is
different from the previous model, as expected. Both these
models will be considered below.

Through the nucleation process, nucleation centers are ac-
tivated sequentially, giving rise to evolving gas clusters, which
grow by mass transfer from the liquid to the gas. Sequential

Žnucleation results in clusters of different ages the time passed
since a particular class of gas clusters has been nucleatedr

. Ž .activated . Let � � be the number density of clusters nucle-
Ž .ated per total number of pores. Then, � � d� is the number

of new clusters per total number of pores that become acti-
vated in the time interval between � and � qd� . Evidently

� � d� sn df 14Ž . Ž .B q

This relation will be used below to simplify the expressions
for the gas-phase growth.

Gas-phase growth
During the growth of the gas phase, we can roughly distin-

guish two periods, one in which the growth is within single
pores and another corresponding to gas clusters spanning

Ž .several pores Figures 2a and 2b, respectively . The first pe-
riod extends throughout and following the nucleation stage,
the second is the later stage of growth. In either, growth is
driven by diffusive mass transfer of the dissolved gas. During
the first period, mass transfer results mostly in the increase
of the volume of the gas. During the second, it also leads to
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an increase in the gas pressure, in case the interface becomes
Ž .pinned at pore throats Figure 2 until the time when the

smallest capillary threshold at the throats is overcome. Fol-
lowing this, the gas cluster volume expands accordingly. In
general, different clusters compete for the available solute in
the liquid, the relative mass-transfer rates depending on their
geometry and relative position. These dynamics were ana-

Ž .lyzed in Li and Yortsos 1995a,b .
In the absence of competition between adjacent clusters,

an isolated cluster j grows at a rate that is proportional to its
Ž .effective radius, R t,� , and the driving force C yC , wherej � i

C is the far-field concentration and C the equilibrium con-� i
centration at the gas�liquid interface. We will proceed,
therefore, by assuming that the mass transfer is by quasi-
steady-state diffusion and that the gas is ideal. Then we can
write the following mass balance for a growing cluster

M dw
P V f4�
R DD C yC 15Ž .Ž .Ž .l g j � iž /R T dtg

where M is the molecular weight of the gas, R the idealw g
gas constant, T the temperature, V the gas-cluster volume,g
and DD the diffusion coefficient. The mass-transfer term in
Eq. 15 was obtained assuming quasi-steady-state diffusion to
a spherical bubble. This is true even for ramified fractal clus-

Ž .ters, as was verified by Satik and Yortsos 1996 for a perco-
Ž .lation cluster. Dimensionless parameter 
 is an O 1 geomet-

ric constant to account for possible corrections to the mass-
Ž .transfer model depending on the growth period see below .

In Eq. 15 we have neglected the capillary pressure, P , whichc
in typical applications is small compared to the liquid pres-
sure. From Henry’s law, we also have

P P q P P® l c l
C s s f 16Ž .i K K K

where the second equality is again an excellent approxima-
tion in the typical applications examined here.

The gas volume, V , takes a different expression in the twog
different periods. For growth within a single pore, V fg
Ž �.3 ŽV R rr , where V is a characteristic cavity volume de-c j c c

�3.fined here as 4r3� r . For growth of a cluster spanning sev-c
� Ž �.Dferal pores, we have V f A V R rr , where V is the av-g s j s s

erage site volume, r� is a characteristic pore-body size, D iss f
the mass fractal dimension, approximately equal to 2.5 for a
3-D cluster, and A� is a dimensionless geometric prefactor.
To capture both periods with the same equation, we write

DfRAV M d jc w
P s4�
R DD C yC 17Ž .Ž .l j � i�ž /ž /R T dt rg c

with the understanding that D varies between 3 and 2.5, andf
Ž � .Ž � �.DfA between 1 and A VrV r rr , during the nucleations e c s

period and growth periods, respectively.
The nucleation period and the early part of the growth

period are adequately represented by Eq. 17. However,
growth during the later stages of the second period, where
gas clusters span several pores, cannot in reality be captured

by Eq. 17. Competing clusters affect growth rates in a non-
trivial manner. The latter would still be proportional to a
mean driving force, C yC , where now C is the volume-� i �

averaged concentration in the liquid, and R stands for thej
average size of a cluster. However, the mass-transfer coeffi-
cient, 
, may be variable in time and space, while coales-
cence of clusters will also occur. Accounting for these com-
plexities is a difficult problem, the solution of which requires

Ž .a pore-network approach Li and Yortsos, 1995a,b .
Under the preceding assumptions, the gas phase will be

Ž .described as a collection of clusters of size R t,� , the dy-
namics of each of which is described by Eq. 17, with R re-j
placed by R, namely,

DfAV M � Rc w
P s4�
R DD C yC 18Ž .Ž .l � i�ž /ž /R T � t rg c

Ž . Ž .subject to the initial condition R � ,� s r � , where r satis-c c
fies Eq. 4. In the formulation of Firoozabadi and Kashchiev
Ž .1996 , the equivalent of Eq. 18 was integrated under a num-
ber of simplifying assumptions to obtain an explicit depen-
dence of R on time. Such an approximation is not used here.

Next, consider the mass balance for the solute in the liquid
phase. We have

d
V 1yS C sŽ .p g �dt

t
y4�
 DD C yC N R t ,� � � d� yC Q t 19Ž . Ž . Ž . Ž .Ž . H� i T �

0

Ž .where the integration is over all existing clusters and Q t ,
the volumetric flow rate of the liquid out of the porous
medium, is in general a function of time. Equivalently, we
can rewrite Eq. 19 as

d
V 1yS C sŽ .p g �dt

fq ˆy4�
 DD C yC N n R t , f dfyC Q t 20Ž . Ž . Ž .Ž . H� i T B �
0

Ž̂ Ž .. Ž .where we introduced the notation R t, f � � R t,� for the
radius of a cluster at time t, nucleated when the nucleation

Ž .fraction was f � . For the case of instantaneous nucleation,
for example, as postulated in Firoozabadi and Kashchiev

ˆŽ . Ž . Ž . Ž .1996 , R t, f sR t � f y f , where f is the final nu-q q q f q f
cleation fraction and � is the Dirac delta function. Then, the

Ž .preceding integral reduces to R t f . However, f is theq f q f
very quantity we must determine, is not known a priori, and
needs to be computed as part of the overall process, as dis-
cussed in detail below.

Ž .The volumetric flow rate Q t rV is related to the pressurep
decline rate through the mass balance on the liquid, which
reads

d Q tŽ .
� 1yS sy � 21Ž .Ž .l g ldt Vp

November 2002 Vol. 48, No. 11AIChE Journal 2695



where � is the liquid density. For a slightly compressible liq-l
uid,

� s � exp c P yP 22w x Ž .Ž .l b l b

where the liquid compressibility, c, takes values in the range
1.45�10y4y1.45�10y3 MPay1. Then

dSQ t dPŽ . glsy 1yS c q 23Ž .Ž .gV dt dtp

Finally, the gas saturation is related to the radius of the
growing clusters and the nucleation fraction through the rela-
tion

DfR t ,�Ž .t
S s A® � � dtŽ .Hg �ž /r0 c

DfR̂ t , fŽ .f qqs A®n df 24Ž .HB q�ž /r0 c

where we introduced the volume ratio ®�V rV . This pa-c s
rameter can be calculated from the knowledge of the average
cavity and pore sizes. Subject to the relevant initial condi-
tions, the system of Eqs. 18, 20, 23, and 24 can be integrated.
Integration proceeds until the time when the critical gas satu-

Ž .ration Eq. 1 is reached.

Dimensionless formulation and scaling
For the solution of the problem, we recast the equations in

dimensionless form. Denote dimensionless quantities by sub-
script D and scale concentrations by C s P rK , pressure byb b
P , where subscript b refers to the bubble point, and clusterb
size by r�. The choice of the characteristic time depends onc
the process. We will take t�s P ra, where a is the pressureb
decline rate, for the case of constant pressure decline rate
and t�sV rQ, for the case of liquid withdrawal at constantp
volumetric flow rate Q.

For the case of constant pressure decline rate, the dimen-
sionless mass balances for the solute in the gas and liquid
phase read

ˆDf� R �D 2 D fˆ ˆ1y t s C y P R qR 25Ž .Ž . Ž .D D� D l D D� t A�D 1

and

dC 1 fD� q ˆ1yS sy C yP R t , f dfŽ .Ž . Ž .Hg D� D l D D q qdt � 0D 1

y� 1yS C 26Ž .Ž .3 g D�

where we used the equilibrium relationship

C s P t 27Ž .Ž .Di Dl D

Table 1. Characteristic Values of Various Parameters

Parameter CPDR CLWR
Ž .MW grmol 18.6 16.0

2 y5 y5Ž .D cm rs 2.40�10 1.35�10
Ž .� mNrm 8.2 13.0
Ž .T K 314.6 314.6
Ž .P MPa 6.0 7.384b

3 y3 y1Ž .K MPa �mrkg 8.604�10 1.537�10
y1 y3 y3Ž .c MPa 1.45�10 2.17�10

y4 y2Ž .r cm 9.0�10 1.0�10s y6 y3Ž .r cm 8.0�10 2.0�10c
�A 1. 1.

n 1. 1.B

 1. 1.
Ž .a Pars 26.82 �

3 y5Ž .Q cmrs � 1.67�10
3Ž .V cm � 132.24p y6� 5.859�10 �1

6 3� 2.327�10 1.330�102 y3 y2� 8.700�10 1.603�103 y6� � 1.559�104 y2 y4� 3.417�10 1.760�10c

Note: CPDR: Constant pressure decline rate; CLWR: constant liquid
withdrawal rate.

Ž .and assumed that the process begins t s0 when the pres-D
sure is at the bubble point. In the preceding, we have defined
three dimensionless groups,

V a V ap s
� s s1 � �4�
 DDP N r 4�
 DDP n rb T c b B c

R Tg
� s , and � scP 28Ž .2 3 b®n M KB w

Parameter � expresses the ratio of the characteristic times1
for diffusion at the pore scale to that for the decline of pres-

Žsure. Although a small number in typical applications see
.Table 1 , it plays a key role in determining the nucleation

fraction and the critical gas saturation. Parameter � is the2
product of the geometric constant, ®n , with a thermody-B
namic constant, expressing the ratio of the equilibrium con-
centrations in the liquid and the gas phases. These parame-
ters are either known or can be estimated from comparison
with experimental data.

For the case of constant liquid-withdrawal rate the analo-
gous equations read

ˆDf� R dP �D Dl 2D fˆ ˆP t qR s C yP R 29Ž .Ž . Ž .Dl D D D� D l D� t dt A�D D 4

and

dCD�
1yS sŽ .g dtD

dS1 f gq ˆy C yP R t , f df yC qC 30Ž .Ž . Ž .HD� D l D q q D� D�� dt04 D
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where

Q V Qs
� s s 31Ž .4 � �4�
 DDN n r 4�
 DDV n rT B c p B c

Here, parameter � expresses the ratio of the characteristic4
time for diffusion to that for the emptying of the pore vol-

Ž .ume. Typically, this is also a small number Table 1 . As will
be shown below, � r� plays a role equivalent to � .4 3 1

Finally, in both cases, we have the following relations: the
liquid mass balance becomes

dSdP 1 gDl s y1 32Ž .ž /dt � 1yS dtŽ .D 3 g D

The gas saturation is

f Dq fˆS s A®n R t , f df 33Ž .Ž .Hg B D q q
0

The cavity size that becomes activated at a given time is

� c
r s 34Ž .Dq C t yP tŽ . Ž .D� D D l D

where we introduced the dimensionless cavity capillary pres-
Ž . Ž � .sure threshold, � s 2� cos � r r P . The latter is an im-c c b

portant parameter in the overall dynamics. In terms of the
supersaturation

s�C t yP t 35Ž .Ž . Ž .D� D D l D

or, more conveniently, in terms of the rescaled supersatura-
tion

s
s � 36Ž .D � c

Equation 34 can be further expressed as r s sy1. The nu-Dq D
cleation fraction is then given by the various expressions

� 1 1 ln sD
f sexp y , f sexp y , f s erfc yq q qn2ž / ž /ž / '
 s 24 s 2 
DD

37Ž .

depending on the size distribution used, or by

df hq 2sh exp y 38Ž .1 2ž /dt sD

in the rate-dependent nucleation case. In the latter we intro-
duced the dimensionless parameters

K t�V 16�� 3fhet s
h s and h s 39Ž .1 2 2n 3P k TB o B

Parameter h is inversely proportional to � or � . If this1 1 4
dependence is extracted, then Eq. 39 reads as

� � K V 2
het s

h s or h s , where � � 40Ž .1 1 �2� � 4�
 DDn r1 4 B c

The initial conditions for the simulations were C s1, PD� D l
Ž . y1Ž .s1, and R � ,� s s � .D D

The preceding system contains one key parameter, � or1
� , describing the effect of the rate of increase of the super-4
saturation. Because it is small, a further rescaling of the nu-
cleation fraction and the cluster size is necessary. After some
analysis, it is not difficult to show that for the cavity nucle-

Žation model, the following scaling is valid for example, for
. DfrŽD fy1.the constant pressure decline rate , f � � andq 1

Df Ž . Žf R �O 1 where, given that the nucleation fraction variesq
.only during the first period, D s3 . This scaling contains thef

main effect of the pressure decline rate on the nucleation
fraction. Thus, we can define a rescaled nucleation fraction

y3r2
�4y3r2� s f � or � s f 41Ž .q q 1 q q ž /�3

and rescaled cluster sizes

1r2
�41r2 ˆ ˆ� s� R or � s R 42Ž .D 1 D D Dž /�3

in the two different cases. In the new notation, the governing
equations become as follows:

For the case of constant rate of pressure decline

�� Df �D 2 D f1y t s s� q � 43Ž .Ž .D D D� t AD

and

ds �q1yS sy s � t ,� d�Ž . Ž .Hg D D q qdt 0D

y sq1y t � 1yS q1yS 44Ž .Ž . Ž .D 3 g g

while for the constant liquid withdrawal rate,

�� Df dP �D Dl 2D f� P t q� � s s� 45Ž .Ž .3 D l D 3 D D� t dt AD D

and

ds �q
� 1yS sy s � t ,� d�Ž . Ž .H3 g D D q qdt 0D

dSgq y1 � P q s y1 46w x Ž .Ž .3 D lž /dtD
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The last two equations are also accompanied by Eq. 32. The
gas saturation expression for either case becomes

� Dq fS s A®n � t ,� d� 47Ž .Ž .Hg B D q q
0

For the case of rate-dependent nucleation, the rescaled nu-

Figure 4. Variation of the rescaled nucleation fraction,
� , as a function of the dimensionless time,q
t .D
Ž . ym y2a Effect of � s 5.86�10 , for � s 3.41�10 , � s1 c 2

6 y3 Ž .2.33�10 , and � s 8.7�10 . b Effect of � s 0.34�3 c
10ym, for � s 5.86�10y4 and � s 8.7�10y3.1 3

Figure 5. Variation of the mean rescaled dimensionless
radius, � , as a function of the dimension-Dm
less time, t .D
Effect of � s 5.86�10ym, for � s 3.41�10y2, � s 2.331 c 2
�106, and � s 8.7�10y3.3

cleation fraction reads as

d� hq 2�sh exp y 48Ž .1 2ž /dt sD

� y3r2 � Ž .y3r2where h sh � or h sh � r� in the respective1 1 1 1 1 4 3
cases. The solution of the system of the rescaled equations
will be sought numerically in the following sections.

Numerical Results
The system of differential equations was solved numeri-

Žcally using a fourth-order Runge�Kutta method Press et al.,
.1994 . A typical calculation requires the time to be marched

forward. A difficulty is that the total number of classes of gas
clusters is not known a priori, but it is an outcome of the
computation during the nucleation process. In theory, this
number is infinite, and the problem becomes one of solving
an infinite system of differential equations. In practice, the
number of equations is constrained by the size of the time
step. At each time step we examine whether nucleation of a
new class of gas clusters is possible, namely whether the su-
persaturation is increasing. If so, a new class of gas clusters is
added. Then, the simultaneous growth of all different classes
of clusters is computed. When the supersaturation reaches a
maximum, further nucleation stops. Computations during the
nucleation process were also facilitated with an asymptotic
analysis, to be described in more detail later.

Constant pressure decline rate
In the typical case, parameters that can vary over a signifi-

Ž .cant range are � and � and possibly � . An additional1 c 2
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variable is the type of the cavity-size distribution used in the
calculation of the nucleation fraction. The sensitivity of these
parameters are examined in the simulations.

The effect of � and � on the rescaled nucleation frac-1 c
tion, � , the mean rescaled radius, � , the rescaled super-q D,m
saturation, s , and the gas saturation, S , is shown in FiguresD g

Figure 6. Numerical results for the supersaturation.
Ž .a Variation of the rescaled supersaturation, s , as a func-D
tion of the dimensionless time, t ; effect of � s 5.86�D 1
10ym, for � s 3.41�10y2, � s 2.33�106, and � s 8.7�c 2 3y3 Ž .10 : b the effect of the dimensionless parameter � on1
the maximum rescaled supersaturation, s , for � s 0.34Dm c
�10ym; points correspond to the full numerical solution,
solid lines correspond to the simpler model.

4�7. In these calculations, we used a Rayleigh cavity-size dis-
tribution, � and � were kept constant to the values 2.33�2 3
106 and 8.7�10y3, respectively, while � varied over several1

Ž y8 y2 .orders of magnitude from 10 to 10 .
The variation of � as a function of the dimensionless time,q

t , and of the parameters � and � is shown in Figure 4. ItD 1 c
is found that � increases very rapidly in a small time inter-q
val, and then stabilizes to a final value at the conclusion of
nucleation. Such behavior is characteristic of nucleation pro-
cesses, and has features similar to those reported by El Yousfi

Ž .et al. 1991, 1997 . It is demonstrated here for the first time
for the case of nucleation from preexisting, trapped gas. The
rapid variation of � is approximately a stretched exponen-q
tial of the form

� c
ln2 n� � � 
 tc c D

� �exp y , � �exp y , � �erfcq q qn2 ž /ž / '
 t4 t 2 
DD � 0
49Ž .

for the different cases, as during the early nucleation period
Ž .we have s� t see below . Equation 49 suggests that, forD

example, for the Rayleigh distribution case, a plot of yln�q
vs. ty2 is linear with slope � �2r4. Because of the resultingD c
very sharp rise, this process can be interpreted as instanta-

Ž .neous nucleation IN . However, proceeding with such an as-
sumption does not allow for the computation of the final nu-
cleation values. Instead, we must consider the details of the
approach to the final values using the progressive nucleation
model, used here. Figure 4a shows that for constant � , thec
effect of � on the rescaled nucleation fraction is not very1

Žsignificant at small � , but that it becomes stronger roughly1

Figure 7. Variation of the gas saturation, S , as a func-g
tion of the dimensionless time, t .D
Effect of � s 5.86�10ym, for � s 3.41�10y2, � s 2.331 c 2
�106, and � s 8.7�10y3.3
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.a power law as � takes larger values. The relatively weak1
Ždependence on � verifies the correctness of the scaling Eq.1

.41 . At the same time, the stronger dependence at larger �1
is significant, and as shown below, is needed in order to ex-
plain experimental data. In terms of the actual nucleation
fraction, these findings imply that an increase in � leads to1
an increase in the final nucleation fraction, f , according toq f
a power-law scaling, namely f ��3r2 at very small � , andq f 1 1
f �� at larger � . The effect of � is also significant. Asq f 1 1 c
� increases, the final rescaled nucleation fraction �c q f
Ž . Ž .hence, f decreases Figure 4b . The increase of f withq f q f
an increase in � and a decrease in � is expected. Larger1 c
values of � result from a faster decline rate, a greater de-1
parture from equilibrium, the establishment of a greater su-
persaturation, and, hence, the activation of more nucleation
sites. Likewise, smaller � imply that nucleation is facilitatedc
at increasingly smaller supersaturations, as larger size cavities
can be activated. The approximate analysis shown below will
provide an explanation of the behavior observed.

Figure 5 shows the corresponding effects on the mean
rescaled size � . There are two regions, one correspondingDm
to the nucleation period, and another to growth after nucle-
ation. The two periods can be roughly approximated as

Ž .power-law regimes as a function of time with slopes approx-
imately equal to 1 and 0.63, respectively. The effect of � is1
relatively insignificant at small � , confirming the validity of1

Ž .the scaling Eq. 41 . The effect of � is more significant.c
Smaller values of � lead to an increase in the nucleationc
fraction, and a corresponding decrease in the size of the gas
clusters at the conclusion of nucleation.

Figure 6a shows plots of the rescaled supersaturation s asD
a function of time for different � and � . At the beginning1 c
of the process and during nucleation, the supersaturation in-
creases with time almost linearly, suggesting that C doesD�

Figure 8. The effect of the dimensionless parameter �1
on the critical gas saturation, S , for � =gc c
0.34�10-m.
Points denote the full numerical solution; solid lines corre-
spond to the simpler model.

not vary significantly in that period. As nucleation and growth
take place, the rate of supersaturation increase slows down
and at some point, s reaches a maximum value, s . It is atD Dm
that point where nucleation terminates. Following this point,
the supersaturation decreases monotonically. The value sDm
is plotted in Figure 6b as a function of � and � . Note that1 c
s is in general of the order of 10y1. The dependence onDm
the parameters is weak at small � and large � , but be-1 c
comes stronger at larger � and smaller � . This behavior is1 c
consistent with that of the nucleation fraction discussed ear-
lier. From a compilation of experimental results Scherpenisse

Ž .et al. 1994 suggested that s behaves roughly as a powerDm
law of the pressure decline rate with exponent 1r4. Our anal-
ysis indicates that such a power law is not universally valid,
although it may apply in a certain range of � . It is interest-1

Žing that the sensitivity of s to � and � and in particu-Dm c 1
.lar to the latter is not as large as one might have intuitively

anticipated. Nonetheless, its effect on the nucleation fraction
can be significant, due to the exponential dependence, as can

Žbe seen, for example, in the following expression for a
.Rayleigh distribution

D� f
� sexp y y ln � 50Ž .q 12 D y14 s Ž .fD

Because of the exponential dependence on sy2 and becauseD
s is of the order of 10y1, even small changes in s have aDm D
very large effect on the nucleation fraction. This large sensi-
tivity counterbalance the weak sensitivity of s on � andDm 1
� and leads overall to a nontrivial effect.

The evolution of the gas saturation is shown in Figure 7. It
follows that of f , during the nucleation period, and that ofq
� , during the period of growth. The latter gives a power-lawDm
segment of slope 0.63. The effect of � is indirect, in thatc
smaller values of � promote larger values of S due to anc g
increase in both f and � . The difference between equilib-q f D
rium and actual curves depends on the value of � , increas-1
ing as the latter increases, but remaining constant following
the end of nucleation. Figure 8 shows the effects of � , and1
� on the critical gas saturation S . In our work, the latterc gc
pertains to the formation of a sample-spanning cluster, in the
absence of viscous or gravity effects. Thus, Figure 8 actually
reflects the variation of f . Figure 8 shows that S can beq f gc
considered a power-law both of � and of � with expo-1 c
nents that vary between 0.16 and 0.25 with respect to � and1
between y0.33 and y0.22, with respect to � , respectively.c
The trends are consistent with the experimental evidence
Ž .Scherpenisse et al., 1994; Bora et al., 2000 . In Figure 8 we
allowed S to take values that, in the case of high depletiongc
rates, may be larger than what is required for the validity of
our model. This was done only for the sake of parametric
sensitivity.

Constant rate of liquid withdrawal
Except for the evolution of pressure with time, similar re-

sults are obtained for the case of constant rate of liquid with-
drawal. The effect of the parameters is also very similar to
the constant pressure decline rate, subject to the change �1
™� r� and to the rescaling of time by � . Thus, we antic-4 3 3
ipate a scaling of the form: f ��3r2 at small � , and f �q f 4 4 q f
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Figure 9. Variation of the dimensionless pressure, P ,Dl
as a function of the dimensionless time, t ,D
for the case of constant liquid withdrawal rate.
Effect of � s 0.4631�10ym, for � s1.67�10y1, � s4 c 2
6.84�10 5, and � s1.52�10y2. Shown in dashed-dotted3
line is the thermodynamic equilibrium curve.

� at larger � ; and of the form: f ��y2 at large � , and4 4 q f c c
f ��y1.3 at smaller � . The critical gas saturation has theq f c 4
analogous scaling: S ��0.25 at small � , and S ��0.16 atgc 4 4 g c 4
larger � ; and S ��y0.22 at larger � , and S ��y0.33 at4 g c c c g c c
smaller � . The discussion and interpretation of the findings4
is similar to the case of constant pressure decline rate and
will not be elaborated further. Additional figures and discus-

Ž .sion are presented in Tsimpanogiannis 2002 .
What is different in the case of constant rate of liquid

Ž .withdrawal, is the evolution of pressure with time Figure 9 .
In the calculations shown in Figure 9 we used a Rayleigh
cavity-size distribution, � and � were kept constant to the2 3
values 6.84�105 and 1.5�10y2, respectively, while � var-4

Ž y12 y6.ied over several orders of magnitude from 10 to 10 .
During the nucleation period, the pressure declines almost
linearly with time, P f1y t r� , following Eq. 32. ThisDl D 3
decrease slows down as nucleation sets in, and when the max-
imum supersaturation is approached, the pressure reaches a
local minimum. Following this minimum, the pressure in-
creases, reaches a maximum, and subsequently decreases,
roughly paralleling the equilibrium curve. The pressure mini-

Ž .mum decreases as � increases Figure 9 , the dependence4
being roughly the same as that of s , namely weak at smallDm

Ž� and stronger at larger � where the 1r4 power law may4 4
.be applicable .

The nonequilibrium behavior reflects the competition be-
tween mass transfer and solute availability and can be ex-
plained as follows. The ideal gas law requires P V snR T.g g g
The rate of change, dnrdt, of the moles in the gas phase is
dictated by the mass-transfer rate. At the end of the nucle-
ation period, near s , this rate is the highest. Now, if theDm

Žrate by which the gas volume expands, dV rdt which is al-g
.most equal to Q , is not sufficiently large, the increase in

volume due to mass transfer cannot be compensated, thus,
the pressure, P , must increase. An increasing pressure leadsg

Žto a successively decreasing supersaturation since C in-i
.creases , thus, to a continuous decrease of the mass-transfer

rate. Eventually, this decrease becomes sufficiently large for
the volume expansion rate to balance mass transfer. Then,
the pressure goes through a maximum, following which it be-
gins to decline.

In the preceding, we used the cavity-based nucleation
model. We must stress that qualitatively similar results were
obtained for the model based on rate-dependent nucleation.
These will not be shown. In a later section, the numerical
solutions obtained will be compared against available experi-
mental results. However, before doing so it is beneficial to
provide an interpretation of the main findings, using a sim-
pler model.

Interpretation Using a Simpler Model
To interpret the results obtained we consider a simpler

model that captures the essential features of the problem.
Consider, first, the nucleation period.

Nucleation
Constant Pressure Decline Rate. To approximately de-

scribe the nucleation period, we simplify as follows the equa-
tions for the gas-phase growth and the supersaturation

�� 3
D f� s� 51Ž .2 D� tD

and

ds Ž .� sqf1y s � d� 52Ž .H D qdt 0D

respectively. These are subject to the initial conditions

�1r2
1

s 0 s0 and � � ,� s 53Ž . Ž . Ž .D s �Ž .D

At early times and for small � , the approximate solution of1
Eqs. 51�53 is

1r2222 � s y s �Ž .� � 21 c
sf t and � f q 54Ž .D D 2 3s �Ž .

The dimensionless supersaturation is equal to the dimension-
less time and the mean cluster size becomes eventually a
power law of time with exponent 1. These results are con-
sistent with the numerical results during the nucleation pe-

Ž .riod Figures 5 and 6 .
We will use Eq. 52 to approximate the approach to the

maximum supersaturation. The latter is reached when dsrdtD
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s0, namely, when

�qs � d� f1 55Ž .H D q
0

Ž .1r2 Ž .From Eq. 54 we approximately read � f � r3 s t .D 2 D
Then, using the definition of � leads to an algebraic equa-q
tion for the rescaled maximum supersaturation, s . For ex-Dm
ample, for the case of Rayleigh distribution, we have the
equation

� 1 3
y2 ln s f ln �y ln 3y ln � 56Ž .Dm2 2 24 sDm

where we introduced the combination of variables

��� �y4r3�y1r3 57Ž .1 c 2

and for the case of constant pressure decline rate, ��1.
Likewise, for the case of a stretched exponential, and of a
log-normal distribution, we have

1 3
y1 yn
 s y2 ln s f ln �y ln 3y ln � 58Ž .Dm Dm 2 2

1
ln

sDm2 3r2 y1's erfc f2 3 � � 59Ž .Dm '2 
� 0
where, again, for the constant pressure decline rate, �s1.
Equations 56�59 represent key findings of this article. First,
they suggest that the dependence of the maximum supersatu-
ration on the various parameters, other than the thermody-
namic ones, enters only through �. The solution of Eq. 56 for
the Rayleigh distribution is plotted in Figure 10, as a function
of �. We see that s varies weakly, in the range 0.1�1, as �Dm

Ž y10varies over several orders of magnitude between 10 and
3.10 . For small �, the maximum supersaturation is practi-

cally constant. As � takes larger values, s increases weaklyDm
and eventually more strongly, as � approaches the order of

Ž .one compare also with Figure 6 . Also shown in the logarith-
mic coordinates of Figure 10 is a line with slope 1r4, corre-
sponding to the 1r4 power law postulated by Scherpenisse et

Ž .al. 1994 to describe several experimental data. Although the
power law does not capture the overall behavior, it can ap-
proximate the results in a certain window of �. Also plotted
in the same figure are the results of the numerical solution of
the full problem for a number of different parameter values.
The agreement between the numerical results and the simple
analytical model is remarkable and demonstrates the validity
of the simple Eq. 56. For the stretched exponential nucle-
ation model, the variation is much stronger in the logarithmic
plot. The solution of Eqs. 56, 58, and 59 corresponding to
different distributions was investigated in detail in Tsim-

Ž .panogiannis 2002 . As the tail of the cavity-size distribution
Žbecomes longer which occurs for smaller values of n�0

.andror for larger 
 the dependence of s on � becomesDm
stronger. In addition, the region where a power-law scaling

Figure 10. Maximum rescaled supersaturation, s , asDm
a function of � for the cases of constant

( )pressure decline rate dotted lines and con-
( )stant liquid withdrawal rate solid lines .

ŽComparison between the simpler model dotted or solid
. Žlines and the full numerical solution denoted by triangles

for the stretched exponential cavity-size distribution with
ns 0.5 and 
 s1.0, and by squares for the Rayleigh cav-

.ity-size distribution .

with exponent f1r4 tentatively fits the results, increases, and
also corresponds to a range with smaller values of �.

Equations 56�59 can be used to approximate the final nu-
Ž .cleation fraction, � , and the time or pressure at the endq f

of nucleation. For all cases we have

y1r2�2y2 y2 y1� f s � � 60Ž .q f Dm c ž /3

thus, the final nucleation fraction reads

y1r2�2y2 3r2 y2 y1f f s � � � 61Ž .q f Dm 1 c ž /3

This equation represents another important result of this ar-
ticle and leads to the following conclusions:

Ž1. In the region where s varies weakly with � at smallDm
.� the final nucleation fraction varies as a power law of � ,1

with slope equal to 3r2. This is consistent with the antici-
pated increase in the nucleation fraction as the rate of pres-
sure decline increases. The equation suggests a power-law
dependence on the capillary properties of the cavity. One
should interpret this carefully, however, since information on
the cavity properties is included in all three parameters � ,1

Ž � .� , and � through r and ® . For example, if we were to2 c c
consider only the dependence on r�, we would find thec
power-law scaling f � r�2, indicating a smaller nucleationq f c
fraction as the cavity size decreases. This is as expected.
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2. In the region where s can be approximated by aDm
power-law dependence on �, for example, as s ��m, weDm
have the scaling

f ��Ž3r2.y2 m 62Ž .q f

Such a dependence on � leads to a decrease in the exponent
in the power-law scaling of f on � . For example, if weq f 1

Ž .take mf1r4 as suggested by Scherpenisse et al., 1994 , we
read

f �� and f � r�4r3 63Ž .q f 1 q f c

A linear dependence of the rate of � was postulated in1
Ž . Ž .Scherpenisse et al. 1994 and McDougall and Sorbie 1999 ,

to fit available experimental data.
3. The time, hence, the pressure, P , when nucleation endsm

can be approximated by using Eq. 54. We find

P y Pb m f� s 64Ž .c DmPb

thus, the supersaturation at the end of nucleation is directly
related to s . It follows that in the region where s isDm Dm
insensitive to �, the pressure supersaturation varies only lin-
early with � . A rate dependence, observed experimentallyc
in some cases, enters only insofar as s varies with �. As-Dm
suming again a power-law variation with mf1r4, the maxi-
mum pressure supersaturation varies as follows

P y P P yPb m b m1r4 y2r3�� and � r 65Ž .1 eP Pb b

The 1r4 power-law dependence was found to fit experimental
Ž .data well see below . It is interesting that the maximum su-

persaturation relative to the bulk bubble point is only weakly
dependent on the rate of pressure decline, for example, vary-
ing by only a factor of 2 when the pressure decline rate varies
by two orders of magnitude, in the range considered.

Constant Rate of Liquid Withdrawal. A similar analysis ap-
plies for the case of constant liquid withdrawal. After various
simplifications, the equations for the gas phase growth and
the supersaturation read

d� 3
D

� f� s� 66Ž .3 2 DdtD

and

ds � �q
� f1y 1q y� s � d� 67Ž .H3 D qž /dt � 0D 3

respectively, where we have introduced the thermodynamic
Ž . Ž .parameter � � R T r M K . These are subject to the initialg w

conditions

1r2
�4ž /�3

s 0 s0 and � � ,� s 68Ž . Ž . Ž .D s �Ž .D

At early times and for small � r� , the solution is4 3

1r2223 � s y s �Ž .t � � 2D 4 c
sf and � f q 69Ž .D 2� � 3s �Ž .3 3

The early-time behavior is identical to the constant pressure
decline rate, if t is replaced by t r� and � with � r� .D D 3 1 4 3
We note again that the linear scaling of the cluster size with
time is consistent with the full numerical solution.

Proceeding as previously, we find that the maximum
rescaled supersaturation, s , is now given byDm

�3
s� � f 70Ž .D q �

where � satisfies Eq. 69. Thus, the solution of Eq. 70 is theD
same as that obtained for the constant pressure decline rate
problem, except that one must replace � with � r� , and1 4 3
take ���r� . For exactly the same reasons, the final nucle-3
ation fraction can be directly obtained from Eq. 61. The pre-
vious analysis for the constant pressure decline rate applies
directly to the constant rate of liquid withdrawal, subject to
the aforementioned substitution.

ŽA comparison between the solution of the full problem for
the cases of the Rayleigh distribution and a stretched expo-

.nential with ns0.5 and 
 s1.0 and of the approximate
Ž .equation Eq. 70 is also shown in Figure 10. We note an

excellent agreement. The scalings obtained are also consist-
ent with the solution of the full equations. Additional com-
parisons with stretched exponential cavity size distribution,
which have lower values of n and 
 , will be presented below.

As noted earlier, a difference for the problem involving a
constant rate of liquid withdrawal is that the pressure reaches
a local minimum. To identify it, we proceed as follows. Inte-
grating Eq. 32, we obtain

� P f A®� � 3 y t q� 71Ž .3 D l q D D 3

where we made the same approximation for the integral as in
Eq. 67. Finding the minimum in pressure requires equating
the derivative of Eq. 71 to zero. Using Eq. 69 for � , it is notD
difficult to show that the following equation is satisfied by
the supersaturation s at that pointDn

3r2 2
� � 3 132� 3s q f 72Ž .q Dnž / ž / ž /2 A® � �2 c

where we used a Rayleigh distribution. For the stretched ex-
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ponential case we have

3r2 22ynns � 3 1Dn 32� 3s q f 73Ž .q Dnž / ž / ž /
 A® � �2 c

Based on these equations, one can show that the pressure
reaches its local minimum before the supersaturation reaches
its maximum, suggesting that nucleation continues slightly af-
ter the minimum in pressure, albeit for a very brief period of
time. We can solve the preceding to determine the pressure
minimum. For the Rayleigh distribution, we approximately
find

�
22 s qDnP y Pb n 2f� s 74Ž .c Dn �P 2b 3s q� 0Dn 2

and for the stretched exponential

P yP 2
 sn qnb n Dnf� s 75Ž .c Dn nž /P 3
 s qnb Dn

Given that s is generally of the order of 0.1, Eqs. 74 and 75Dn
are very similar to those for the maximum supersaturation in

Ž .the constant-pressure decline rate case Eq. 64 . Further-
more, because of the closeness of s to s , we can use theDn Dm
sensitivity analysis we conducted before to assess the depen-

Ž .dence of P y P rP to the various parameters. Thus, in theb n b
Žregion where s is insensitive to �, the supersaturation PDm b

.yP rP varies linearly with � . When s is more sensi-n b c Dm
tive with an assumed power-law variation with an exponent
1r4, the supersaturation at the minimum pressure roughly
varies as

1r4P y P �b m 4 2r3 y1r12� � � 76Ž .c 2ž /P �b 3

Such a dependence can be used to guide the matching of the
experimental data, as discussed below.

The Rate-Dependent Nucleation Model. We close this sec-
tion by applying a similar analysis, but now for the rate-de-
pendent nucleation model. We recall the rescaled expression

d� hq 2�sh exp y 77Ž .1 2ž /dt sD

where h�sh �y3r2. We proceed as before to evaluate the1 1 1
time when the maximum supersaturation is reached. For this,
we first use the relation s� t to obtainD

d� hq 2�fh exp y 78Ž .1 2ž /ds s

the solution of which is readily found

Figure 11. Maximum rescaled supersaturation, s� , asDm
(a function of � for the simpler model solidh

)line .
Triangles denote s� values calculated using experimentalDm

Ž .data from Scherpenisse et al. 1994 . Also plotted are the
Žpredictions based on the cavity model dashed lines for the

simpler model, squares denoting s values for the sameDm
.experiments .

h'h 22�� sh s exp y y � h erfc 79' Ž .q 1 22ž / ž /ss

The maximum supersaturation occurs when the righthand
side of Eq. 52 vanishes, which in this model approximately
occurs when the following equation is satisfied

1 1
�3 � 2 3r2 y1's exp y y s � erfc s� � 80Ž .Dm Dm h�� 2 ž /ž / ss DmDm

�Here, we defined the reduced supersaturation s s sr h'D 2
and the dimensionless parameter

� s� hy2r3hy1�y1r3
h 1 1 2 2

�5r3
45r3 y2r3 y1 y1r3 y2r3 y1 y1r3s� � h � or s � h � 81Ž .1 2 2 2 2ž /�3

For relatively small s� , the solution of the preceding equa-Dm
tion reads

1 1 3
�y5 ln s f ln �y ln 3y ln 2y ln � 82Ž .Dm h� 2 2 2sDm

A plot of the solution of Eq. 80 is shown in Figure 11. We
note features very similar to the cavity nucleation model,
namely a region of weak sensitivity at small � and of strongerh
sensitivity at higher � . The rescaled supersaturation for theh
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rate-dependent nucleation model is slightly higher in the re-
gion of small � , but its rate of increase at higher � ish h
weaker than for the cavity model. Given the dependence of
� on rate, the dependence of the maximum supersaturationh
could, at first, be considered stronger. For example, for s�

D m
to vary as a power law of the rate with exponent m, it suffices
for it to follow a power law with respect to � with exponenth
3mr5. Interestingly, however, this higher sensitivity is coun-
terbalanced by the lower sensitivity to � at higher values ofh
� , compared to the cavity model. For example, if we were toh
demand ms1r4, then we should consider a range of � inh
Figure 11 where the exponent is of the order of 3r20. As
shown in the figure, this roughly corresponds to the same

Ž .range as that of �, for the cavity model Figure 10 .
The nucleation fraction at the time of the maximum super-

saturation can be estimated as before. We find

y1r2�2�y2 y1 3r2 y1f s s h � � 83Ž .q f Dm 2 1ž /3

As expected, the nucleation rate increases with a decreasing
h , namely, with smaller values of the interfacial tension �2
and the nucleation parameter f. Here the combination
h1r2 h3r4 plays the role of � . For the same reasons as before,1 2 c
the pressure at the end of nucleation, which is also approxi-
mately the minimum pressure, is given by

P yPb m �f h s 84' Ž .2 D mPb

In matching experimental data using this model, we would
need to infer two parameters, the rate constant K and thehet
heterogeneous parameter f. This is discussed below.

Working likewise for the case of constant liquid withdrawal
rate we find that the previous equations are valid if we re-
place � with � r� , and take ���r� .1 4 3 3

Gas-cluster growth
The modeling of the growth regime where nucleation has

terminated can also be simplified if we consider only one class
of clusters. For the case of a constant pressure decline rate
we approximate

dCD� fy C y1q t zyC � 85Ž .Ž .D� D D� 3dtD

and

dz Df
y1 D f1y t sk C y1q t zq z 86Ž .Ž . Ž .D 1 D� DdtD

where we introduced the variable

z�� � 87Ž .q f D

and the parameter

�1yD f
q f

k s 88Ž .1 �2

The final value of the rescaled nucleation fraction, � , asq f
well as the initial values for C and � needed for the cal-D� D
culations, are obtained from the previous analysis. Likewise,
for the case of constant liquid withdrawl rate, we have similar
equations

dC 1 dz Df
D� fy C yP zyC qC � k 89Ž .Ž .D� D l D� D� 2dt � dtD 3 D

and

dz Df dz Df
D y1f� P q z � k y1 sk C yP z 90Ž .Ž .3 D l 2 2 D� D lž /dt dtD D

along with

dP 1 dz Df
Dl f � k y1 91Ž .2ž /dt � dtD 3 D

and where we defined

�1yD f
q f

k s 92Ž .2 �2

To use the simplified growth model, we take initial values for
C , � , P , and � corresponding to the time the localD� D D l q f
minimum pressure is reached. Note that P might be knownDl
experimentally, while one can take C f1 without introduc-D�

ing significant error.
Comparison of the full solution with the approximate model

is shown in Figure 12. We note a good agreement. In particu-
lar, the approximate model captures well the pressure in-
crease, following the minimum, its subsequent leveling, and
the gradual decline paralleling the equilibrium curve. The
system under consideration has parameters corresponding to

Ž .the Berea sandstone experiments of Firoozabadi et al. 1992
with Qs1.44 cm3rday. This system is discussed in further
detail in the next section.

Comparison with Experiments
Constant pressure decline rate

The preceding models were subsequently checked against
published experimental results. We attempted to match the
following quantities and their dependence on parameters,
particularly on rate: the final nucleation fraction, the maxi-
mum supersaturation, s , the critical gas saturation, S ,Dm gc
and the evolution of the pressure or saturation as a function
of time.

Experimental data for the maximum supersaturation for the
case of constant pressure decline rate were reported by Moulu

Ž . Ž .and Longeron 1989 and Scherpenisse et al. 1994 . In these
experiments, the maximum estimated value for the capillary
number was approximately 10y8, which is well within the
range of the validity of the model. In addition, the macro-

'Ž .scopic capillary number, Ca sCa Lr k , where L is them
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( )Figure 12. Full numerical results solid lines vs. ap-
( )proximate model denoted by triangles for

the constant liquid withdrawal rate.
Dashed-dotted line in the last panel is the thermodynamic
equilibrium curve.

length of the core, was of the order of 10y3, indicating negli-
gible viscous pressure gradients. Matching the results re-
quires the use of a window in the s vs. � relationship,Dm
where a 1r4 power-law is approximately observed. The corre-
sponding windows were identified in Figure 11 both for the
rate-dependent nucleation model and the cavity model. The
combination � contains a number of geometric variables,
which are not known a priori. The cavity-size distribution is
also unknown. We used best estimates for V and a range ofs
values for the cavity-size characteristics, to indicate the range
of � where the various experimental results fall for various
size distributions considered. Theory and experiments for the
mixture C1rC5 in the Berea sandstone experiments by Scher-

Ž .peniesse et al. 1994 match well, assuming a stretched expo-
nential distribution with values ns0.215 and 
 s0.045. In
these experiments, for r� and r� we used the values sug-s c
gested by the authors. For the experiments involving the mix-
ture C1rC3rC10 in a limestone core, reported by Moulu and

Ž .Longeron 1989 , the corresponding best-fit values were ns
0.152 and 
 s0.049, respectively. These indicate a signifi-

Ž .cantly stretched long-tailed cavity-size distribution, with

Figure 13. Final nucleation fraction, f , as a function ofqf
(� , for a stretched exponential n=0.215 and

)� =0.045 cavity-size distribution.
The solid line corresponds to the simpler model, squares
denote values calculated using experimental data from

Ž .Scherpenisse et al. 1994 .

Žsmall characteristic sites see also Table 2 for additional data
.regarding the experiments .

The predictions of the rate-dependent nucleation model
were also tested. Here, the parameters to be estimated in-
clude f and the heterogeneous nucleation rate, K , sincehet

� � Ky2r3 fy1 93Ž .h het

Ž .Matching of the experiments of Scherpenisse et al. 1994 re-
quired the following parameter values: fs2.�10y4 and

Ž 3 .y1 Ž .K s0.02119 cm � s Figure 11 . Correspondingly, forhet
Ž .the experiments by Moulu and Longeron 1989 the following

best-fit parameter values were found: fs3.6�10y6 and
y6 Ž 3 .y1K s6.45�10 cm � s . Both these sets of values arehet

extreme for the heterogeneous model considered.
Estimates for the final nucleation fraction for the experi-

Ž .ments by Scherpenisse et al. 1994 are shown in Figure 13.
The final nucleation fraction in the experiments was esti-

Ž .mated as suggested by Scherpenisse et al. 1994 . Then, fq f

Table 2. Fluid and Porous Medium Properties for Experiments�

Parameter I II III IV V

Porous medium Berea sandstone St. Maxim limestone Berea sandstone Chalk Quartz sand-pack
Fluid system C rC C rC rC C rC C rC C rPAOy1001 5 1 3 10 1 10 1 10 1

Ž .Length cm �15 5 49.04 50.495 60
Ž .Diameter cm �5 5 3.9116 3.759 n.a.

Porosity % 23.0 29.3 22.3 40.4 38.6
2 y12 y13 y13 y15 y12Ž .Permeability m 1.20�10 2.08�10 5.97�10 2.66�10 1.10�10

3Ž .Pore volume cm n.a. n.a. 132.24 225.16 487.00
Ž .P MPa 6.0 2.844 7.384 7.627 3.964b

�Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .I Scherpenisse et al. 1994 ; II Moulu and Longeron 1989 ; III , IV Firoozabadi et al. 1992 ; V Kumar et al. 2000 . n.a. : not available.
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Figure 14. Evolution of the gas saturation as a function
of the dimensionless pressure for three de-
pletion rates for the Berea sandstone experi-

( )ments of Scherpenisse et al. 1994 .
Points denote experimental values, solid lines correspond
to the full numerical solution, the dashed-dotted line cor-
responds to the thermodynamic equilibrium curve.

was calculated using Eq. 25. As anticipated, f is quite small,q f
of the order of 10y10 �10y7. The power-law scaling with ex-
ponent 1, predicted by the theory in this range, is well sup-
ported by the data. Finally, a comparison of the evolution of
the gas saturation, S , as a function of the dimensionlessg
pressure P sPrP , using the full solution for the BereaDl b

Ž .sandstone experiments of Scherpenisse et al. 1994 is pre-
sented in Figure 14. Good agreement is observed for the early
part of the curve, namely before the gas saturation starts to
approach an asymptotic value. The latter stage corresponds
to the flow of gas out of the sample, which the present theory
does not take into account. The dependence of S on fgc q f

Ž .was tested against the data of Scherpenisse et al. 1994 .
Shown in Figure 15 are predictions for both the critical gas
saturation as a function of � from the simpler model and
from the full solution. Although there is a slight tendency for
the theory to underestimate the data, we note quite a good
agreement. In particular, the power-law scaling with expo-
nent 0.16, predicted by the theory, is well supported by the
data.

One of the most interesting effects is that of the pressure
decline rate. Quantifying its effect is significant, as one can
then control the extent of nucleation, the value of the critical
gas saturation, and the time of the onset of bulk gas flow,
which for practical purposes signifies the end of the liquid
production. An important result of this work has been the

Žderivation of simple algebraic equations for example, Eqs.
.56�59, 80 that relate the critical supersaturation to a combi-

nation of dimensionless parameters that involve the rate,
given the particular nucleation characteristics of the system.
The model developed shows that the effect on the nucleation
fraction, and, hence, on the critical gas saturation, is a power
law, with an exponent that is equal to 3r2 at low rates, de-

Figure 15. Critical gas saturation, S , as a function ofgc
(� , for a stretched exponential n=0.215 and

)� =0.045 cavity-size distribution.
The solid line corresponds to the simpler model, triangles
denote the full solution, squares denote experimental data
Ž .constant pressure decline rate from Scherpenisse et al.
Ž .1994 .

creases to 1 at higher rates, and ultimately becomes zero at
very high rates. The critical supersaturation was predicted to
be independent of the rate at small rates, and to be depen-

Ždent as a weak power law with an exponent equal to 1r4 or
.larger at higher rates. It also can be readily shown that for

very large depletion rates, the maximum supersaturation is
insensitive to the particular size distribution, scaling as a
power law with exponent 3r4. In that limit, the final nucle-
ation fraction is also independent of the rate depletion.

It is interesting that for the experimentally reported rate
Žeffect to be matched requires a considerably stretched long-

.tailed cavity-size distribution and small cavity sizes. Equiva-
lently, if the heterogeneous, rate-dependent nucleation model
is used, matching the experiments requires that the wettabil-
ity parameter and the nucleation rate constant have very small
values. A long-tailed cavity-size distribution leads to a larger
nucleation fraction, provided that the decline rate is not ex-
tremely large. Then, more cavity sizes are nucleated at the

Ž .early stages of the process, as large sizes are available for
activation even under very small supersaturations. It is possi-
ble that this is due to the nucleation of large cavities, exposed
at the opening of the core for which a very small supersatura-
tion is needed. Because of the existence of nucleated bubbles
early during the process, the maximum supersaturation ob-
tained for a long-tailed distribution is smaller than for a nar-

Ž .row distribution such as a Rayleigh , when the rates are not
too large. Because the rate of depletion becomes very large,
the supersaturation eventually becomes the same for all dis-
tributions, there is a large window in the rate dependence,
where the behavior is like the experimentally reported 1r4
power law. A similar explanation holds for the case of the
rate-dependent heterogeneous nucleation model, where a
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very small value of the wettability parameter favors the nu-
cleation of bubbles even at small supersaturation.

Constant rate of liquid withdrawal
The model was also compared with the experimental re-

sults for the case of the constant rate of liquid withdrawal.
We matched the local minimum pressure and the related
maximum supersaturation, P and s , respectively, the criti-n Dn
cal gas saturation, S , and the evolution of pressure as agc
function of time.

Consider, first, matching the minimum pressure and its
rate-dependence. Using the simpler model, this can be done

� � Ž .by fitting parameters r , r if not available and the cavity-c s
size distribution. We first performed this matching for the
mixture C1rC10 in the Berea sandstone experiments of

Ž .Firoozabadi et al. 1992 . In these experiments, the estimated
values for Ca and Ca were 10y9 and 10y3, respectively,m
well within the assumptions of our theory.

Best-fit values r�s1.0�10y2 cm, r�s2.0�10y3 cm, nss c
Ž0.1014, and 
 s0.0339 for a stretched exponential cavity

.distribution were found for a good match. The calculated
minimum pressure, P , using the full solution and the param-n
eters just given are very close to the experiment, as shown in
Table 3. Comparison of the evolution of the system pressure
as a function of the dimensionless time, t s t , using the fulln D
solution, and the Berea experiments of Firoozabadi et al.
Ž .1992 , is presented in Figure 16. Good agreement is also ob-
served.

A comparison with the chalk experiments of Firoozabadi
Ž .et al. 1992 , for two different reported volumetric flow rates,

was also undertaken. Again, Ca,10y8 and Ca ,10y2 arem
within the assumptions of our model. Here, the effect of the
rate is rather weak, and a Rayleigh distribution was found to
be adequate. Based on r�s1.0�10y4 cm, a value of r�ss c
1.98�10y6 cm is needed to match the minimum pressure su-
persaturation. Figure 17 shows a comparison of the evolution
of the liquid pressure as a function of the dimensionless time,
t s t , using the full solution. Again good agreement is ob-n D
served for the pressure evolution, while an excellent match is

Ž .achieved for the minimum pressures see Table 3 . In both
Figures 16 and 17, the predictions from the simpler model
closely follow the full solution.

Finally, the theory was tested against the sand-pack experi-
Ž .ments of Kumar et al. 2000 . In contrast to the preceding,

the estimated values for Ca and Ca are considerably higherm
Ž y4 .equal to about 10 and 10, respectively . This suggests that
our model may not adequately capture the physical pro-
cesses, particularly at later times. Using the best-fit values of
r�s1.0�10y2 cm and r�s1.0�10y3 cm, and a stretcheds c
exponential cavity size distribution, with parameters ns
0.3466 and 
 s0.0134, leads to a good matching. With these

Figure 16. Evolution of pressure as a function of time
for the Berea stone experiments of Firooz-

( )abadi et al. 1992 for two different with-
drawal rates.
Solid lines denote the full solution, dotted lines denote the
simpler growth model, the dashed-dotted line denotes the
thermodynamic equilibrium curve, symbols denote the ex-
perimental results.

parameters, the ability of the full problem to predict the min-
imum pressure is good, as can be seen in Table 4. The evolu-
tion of the pressure as a function of dimensionless time, t ,n
and for different flow rates is shown in Figure 18, based on
the simpler growth model. With the exception of the high
rate curve, which is not perfectly matched, agreement is good,
considering the scatter of the experimental data.

A feature that is not well matched in either of these exper-
iments, however, are the values of S . The predicted values,gc
using the full solution, are shown in Tables 3 and 4, respec-
tively. The theory systematically overpredicts the experimen-
tal data. This disagreement may be due to the different defi-
nition of S . In this article, the critical gas saturation is de-gc
fined as the gas saturation when a sample spanning cluster is
formed in the absence of gravity or viscous gradients in the

Ž .system the presence of which will result in increasing S .gc
In the experiments, however, bubbles can be mobilized due
to the presence of gradients before the onset of a sample
spanning cluster. The disagreement is more profound for the
cases of the Berea sandstone or the sand-pack than it is for

Ž .the chalk. It is also very pronounced in the Kumar et al. 2000
experiments, as explained earlier. This is consistent, since
chalk is a tighter porous medium, the capillary and Bond

( )Table 3. Full Solution vs. Experiments of Firoozabadi et al. 1992
calc exp calc expQ P P S Sn n g c g c

3Ž . Ž . Ž . Ž . Ž .System cmrd MPa MPa % % � � � � �2 3 4 c
0 4 y1 y5 y3Berea 1.44 6.99664 6.98621 10.8 1.3�2.0 0.30�10 0.851�10 0.16�10 0.62�10 0.70�10
1 4 y1 y4 y3Berea 7.20 6.64871 6.60689 12.7 1.3�2.0 0.15�10 0.851�10 0.16�10 0.31�10 0.70�10
y7 6 y1 y8 0Chalk 7.20 7.63703 7.62966 1.6 0.6�1.2 0.38�10 0.683�10 0.15�10 0.46�10 0.16�10
y7 6 y1 y8 0Chalk 12.96 7.63326 7.62137 1.9 0.6�1.2 0.68�10 0.683�10 0.15�10 0.83�10 0.16�10
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Figure 17. Evolution of pressure as a function of time
for the chalk experiments of Firoozabadi et

( )al. 1992 for two different withdrawal rates.
Ž .Solid lines both coincide denote the full solution, dotted

lines denote the simpler growth model, the dashed-dotted
line denotes the thermodynamic equilibrium curve, sym-
bols denote the experimental results.

numbers are smaller, and the earlier mobilization of the gas
bubbles is less likely.

For completeness, we also estimated the wettability param-
eter, f , and the heterogeneous nucleation rate, K , assum-het
ing a rate-dependent nucleation model. We found the follow-

Žing for the Berea sandstone experiments Firoozabadi et al.,
. y5 y7 Ž 3 .y11992 , fs3.305�10 and K s7.219�10 cm � s ;het

Ž .for the chalk experiments Firoozabadi et al., 1992 , fs1.240
y5 4 Ž 3 .y1�10 and K s2.299�10 cm � s ; and for the sand-het

Ž . y5pack experiments Kumar et al., 2000 , fs1.790�10 and
y4 Ž 3 .y1K s1.683�10 cm � s .het

As in the case of a constant pressure decline rate and with
the exception of the experiments in chalk, matching of the
experimental results with the theory required the use of ei-
ther stretched, long-tailed cavity-size distributions, or very
small wettability parameters in the rate-dependent nucle-
ation model. Such distributions offer the ability to nucleate
bubbles even at small supersaturations, and can provide the
reported experimental dependence on rate.

Conclusions
In this article we developed an effective continuum model

to describe the nucleation and subsequent growth of a gas
phase from a supersaturated, slightly compressible binary liq-
uid in a porous medium, driven by solute diffusion. The evo-
lution of the gas results either from the reduction of the sys-
tem pressure at a constant rate, or from the withdrawal of
the liquid at a constant rate. The model addresses two stages
before the onset of bulk gas flow: nucleation and gas-phase
growth. We assume negligible gradients due to gravity or vis-
cous forces, so the critical gas saturation, which signals the

Table 4. Full Solution vs. Sand-Pack Experiments of
( )�Kumar et al. 2000

calc exp calc expQ P P S Sn n g c g c
3Ž . Ž . Ž . Ž . Ž .cmrd MPa MPa % % � �4

0 y51.92 3.68040 3.80689 9.9 3.0 0.13�10 0.11�10
0 y58.88 3.57088 3.58621 12.7 3.4 0.61�10 0.52�10
1 y472.00 3.31097 3.31034 17.7 4.2 0.49�10 0.42�10
2 y3288.00 2.95306 3.05517 22.6 7.0 0.19�10 0.17�10

�For � s 0.655�10y3; � s 0.395�10 3; and � s 0.205�10y1.c 2 3

onset of bulk gas flow, is only a function of the nucleation
fraction.

We showed that the important quantities characterizing the
process, such as the fraction of pores that host activated sites,
the deviation from thermodynamic equilibrium, the maxi-
mum supersaturation in the system, and the critical gas satu-
ration, depend crucially on the nucleation characteristics of
the medium. We used heterogeneous nucleation models pri-
marily in the form of preexisting gas trapped in hydrophobic
cavities, but also in terms of a rate-dependent nucleation, to
investigate in detail the nucleation behavior. Using scaling
analysis and a simpler analytical model, we showed that the
relevant quantities during nucleation can be expressed in
terms of a simple combination of dimensionless parameters,
which include rate effects, for either type of nucleation model.

The theory predicts that the maximum supersaturation in
the system is a weakly increasing function of rate, which in
the region of typical experimental parameters, can be approx-
imated as a power law with a small exponent. This function
depends sensitively on the probability density function of the
nucleation cavity sizes. It also predicts that the final nucle-

Figure 18. Evolution of pressure as a function of time
for the sand-pack experiments of Kumar et

( )al. 2000 for four different withdrawal rates.
Solid lines denote the simpler growth model, the dashed-
dotted line denotes the thermodynamic equilibrium curve,
symbols denote the experimental results.
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ation fraction, and, thus, the critical gas saturation, is a power
Ž .law of the decline rate or the withdrawal rate . The theoreti-

cal exponents were shown to fit the experimental data, pro-
vided a stretched exponential distribution for the cavity size
distribution is used.
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